The progress in field emission theory from its initial Fowler-Nordheim form is centred on the transmission coefficient. For the supply (of electrons) function one still uses the constant value due to a supply of plane-waves states. However, for emitting tips of apex radius of 1-5 nm this is highly questionable. To address this issue, we have solved the Schrödinger equation in a sharp paraboloidally shaped quantum box. The Schrödinger equation is separable in the rotationally parabolic coordinate system and we hence obtain the exact eigenstates of the system. Significant differences from the usual Cartesian geometry are obtained.
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The progress in field emission theory from its initial Fowler-Nordheim form is centred on the transmission coefficient. For the supply (of electrons) function one still uses the constant value due to a supply of plane-waves states. However, for emitting tips of apex radius of 1-5 nm this is highly questionable. To address this issue, we have solved the Schrödinger equation in a sharp paraboloidally shaped quantum box. The Schrödinger equation is separable in the rotationally parabolic coordinate system and we hence obtain the exact eigenstates of the system. Significant differences from the usual Cartesian geometry are obtained. (1) Both the normally incident and parallel electron fluxes are functions of the angle to the emitter axis and affect the emission angle. (2) The WKB approximation fails for this system. ( 3) The eigenfunctions of the nanoemitter form a continuum only in one dimension while complete discretization occurs in the other two directions. (4) The parallel electron velocity vanishes at the apex which may explain the recent spot-size measurements in nearfield scanning electron microscopy. (5) Competing effects are found as the tip radius decreases to 1 nm: The electric field increases but the total supply function decreases so that possibly an optimum radius exists.
Introduction
The subject of field emission from a sharp nanometric emitting tip has a history of more than 25 years. It was initiated by Cutler et al. [1] who showed that the Fowler-Nordheim (FN) theory fails for such tips and the observed current may be orders of magnitude from that predicted by the essentially planar FN theory. The discrepancy is even greater if field emission occurs in the near-field mode where the tip-anode distance is only several nanometres. Saenz & Garcia [2] have obtained expressions for a hyperboloidal tip using a prolate spheroidal coordinate system but their expressions are only valid if the anode coincides with the focal plane of the hyperboloid. Edgcombe and co-workers [3, 4] have analysed emission using the model of a hemisphere on a post and have shown how to obtain a FN plot which is no longer a straight line.
Forbes [5] , on the other hand, has suggested an updated version of the FN equation based on physical arguments while Jensen [6] has introduced the shape factor method in which the tunnelling barrier integral appears as a factor in the equation for the current. Finally, Kyritsakis & Xanthakis [7, 8] have derived-starting from the original WKB expression-a generalized FN equation for an arbitrary emitter of radius of curvature R > 5 nm in which the corrections to the planar FN theory appear both in the exponential Gamow term and the pre-exponential factor. Their equation was shown to be verified by data from three separate experimental groups and by a recent analytical work by Holgate & Coppins [9] . Furthermore, from the curvature of the equation of Kyritsakis & Xanthakis [7] the value of the experimental R could be deduced, as is, indeed, possible from the work of Edgcombe & de Jonge [4] .
In all the above studies, attention was given predominantly to the tunnelling coefficient in the WKB approximation, i.e. to the formation of the barrier outside the emitter. The issue of the supply of electrons inside the emitter due to the nanometric size of the emitter apex was largely ignored. There are a limited number of publications [10, 11] that deal with this issue but only in shapes of high symmetry that are far removed from the needle shape common to most emitters. In most publications it was implicitly assumed that to each differential area element ds of the emitter surface a locally-planar wave impinges from the inside. However, it is highly questionable whether such an approximation is valid when R ∼ 1 -5 nm. Such values of R are easily attainable in present-day experimental set-ups. If the supply of electrons is not a constantas it is in the traditional FN theory-the following two effects may happen: (a) an incident beam to the apex area which is not uniform may increase or decrease the emission angle which is usually calculated by looking exclusively at the variation of the transmission coefficient with angle and (b) the velocity v // parallel to the barrier, which is a crucial factor in the formation of the spot size (SS), may be quite different from the Cartesian -hk // /2 m expression (symbols having their conventional meaning here).
The latter factor is especially important in the case of the near-field emission regime and the recently developed electron microscope at ETHZ [11, 12] associated with this regime and bearing the corresponding name, NFESEM. This is a lens-less microscope so the SS at the near anode is dictated by the properties of the emitter and the tip-sample distance d. In a previous paper [13] , we calculated these properties simulating the apex area by a sharp ellipsoid and we obtained the beam spot-size of the emitted electrons as a function of the anode-tip distance d. The transmission coefficient at each angle θ to the normal was obtained by a three-dimensional WKB method. Our results (lines) together with the experimental results of the ETH group (dots) are shown in figure 1 .
We state that in this figure 1, further experimental results [15] and theoretical values have been added, the theoretical ones having been derived with exactly the same procedure as in [13] . We remind the reader that-as in previous publications-a constant supply function (FN type) has been used. The lower solid line in figure 1 corresponds to our results when no initial parallel velocity v // is included in the calculations of the electron paths. It can be seen that very good agreement with the experimental values is obtained. However, if a velocity parallel to the barrier is included in the calculation according to the traditional Cartesian FN theory by Gomer [14] then the SS is doubled and agreement with experiment becomes poor, upper solid line. This value of v // of course refers to planar emitting surfaces while in our case the radius of curvature of the tips used in NFESEM is around 4 nm and can hardly be called planar.
It appears to us then that a proper theory of field emission from nanoscale tips that takes into account the shape of the emitting surface is necessary to evaluate the characteristics of the emitted beam, i.e. a theory that would necessarily start from the eigenstates of the emitting tip. In this paper, we provide the eigenstates and the corresponding normal and parallel electron fluxes of a paraboloidal tip. From our theory it becomes clear that the parallel (to the barrier) electron velocity v // at the apex of a sharp nanoemitter is zero and indeed the lower solid line of figure 1 gives a correct interpretation of experiment. Furthermore we show that-at very small radii of curvature R-extreme quantization effects take place in both the eigenvalues and the incident current density which will profoundly affect the emission. In fact competing effects are found as R is decreased to 1 nm: whereas the applied field (at constant voltage) increases the supply of electrons decreases and hence an optimum R exists. The paper also sets the ground for a future calculation of the transmission coefficient of emitters with R < 4 nm. For emitters with R > 4 nm (including those of the NFESEM) the existing methods-mentioned in the Introduction-of calculating the transmission coefficient are considered to be good enough. Finally in the course of our investigations, we have also found out that the WKB approximation gives some spurious results when it comes to calculating the eigenstates of the nanometric emitter. We note that a WKB calculation of these states and of the corresponding transmission coefficient has recently been published [16] . Therefore, the results we will give are exact and not approximate in the WKB or other sense.
Material and method
The most physically representative geometrical form of an emitting tip is that of a paraboloid of revolution as shown in figure 2 which depicts a typical field emission experimental set-up. We will, therefore, work with the (curvilinear) rotation parabolic coordinates (RPC) shown in figure 2. A similar choice has been adopted in [16] . The RPC are defined by: 
To obtain the incident normal and parallel fluxes we only need to solve the Schrödinger equation for the tip as a rotationally invariant closed quantum box with potential energy V = 0 inside and V = ∞ outside. Hence no applied voltage at the anode is initially assumed. Note also that a normally applied external electric field can only change the normal (to the barrier) velocity so the calculated parallel velocity inside the tip will also be the parallel velocity on exit after tunnelling.
In general, we can write for the Schrödinger equation under a rotationally invariant external potential V(η, ξ ):
In the above equation we have divided all terms by h 2 /2ma 2 0 , all symbols here having their conventional meaning. Hence the unit of energy in (2.2) is the Rydberg and of length the Bohr radius. In our Results section we return back to the conventional eV and nm. Note that (2.2) is not separable unless the V(η, ξ ) assumes specific forms.
However, in the case of the closed quantum box described above Schrödinger's equation does decouple when the substitution
is made with B being a normalizing constant. Then, by separation of variables, we initially get
where C is a real separation constant. This then leads to
where the superscript prime denote differentiation, m is an integer (as will be shown). From equations (2.4a) to (2.4c) it appears that the quantum numbers of this system are (+C, −C, m). This is a reflection of the fact that the η and ξ coordinates are symmetric to each other. From (2.4c) we immediately get
Owing to periodicity in ϕ, m must be an integer. Equations (2.4a), (2.4b) can be put into a more familiar form by the transformatioñ
Then we haveΨ
Equations (2.6a), (2.6b) are of the familiar WKB form y + k 2 y = 0 with the quantities
playing the role of the wavenumbers (or momenta) in the respective directions. If to equations (2.7a), (2.7b) the WKB approximation is applied then wrong values of C result as will be shown in detail in the next section. Hence we proceed to obtain the exact wave functions without the aid of the WKB method. Upon the further transformations
Equations (2.6a) and (2.6b) becomẽ 
and
On the axis of the paraboloid (η = 0 or ξ = 0) all the second-kind ones go to infinity [17] , therefore, they have to be dropped (A 2 = A 4 = 0) on physical grounds. Furthermore, of the remaining Whittaker functions of the first kind the m = 1 one has a derivative that also goes to infinity at η = 0 or ξ = 0, therefore, this has to be omitted as well. This omission will have little effect on the results as will be seen in the next section.
Representative graphs of |Ψ η (η)| 2 and |Ψ ξ (ξ )| 2 for m = 0, 1, 2 are shown in figures 3a-c. Note that the m = 0 wave function is special in the sense that it is the only one with a non-zero value 
of the paraboloid. However, we have taken a few more lines of space to express these functions in terms of other well-known functions of applied physics and hence show more clearly their real and imaginary parts. This will also help in their numerical evaluation. Now according to the NIST mathematical library [17] the Whittaker functions can be written in terms of the confluent hypergeometric function (CHF) 1F1(a, b, z) as
A similar solution holds for the ξ -component. The particular form of the arguments of the CHF relate it directly to the Coulomb functions or waves F L (θ, x) according to the formula
where the K L (θ ) are coefficients (which are x independent, please see equations (33.2.4) and (33.2.5) in [17] ) and
so that we finally have
12)
The advantage of (2.12) is that both the F L and K L are real.
Results (a) Evaluation of quantum numbers
Before we begin the presentation of our results we wish to make clear the following difference from the well-known results of the Cartesian system. In the latter the x, y, z directions are independent. Here, given the value of m, the constant C determines both the η and ξ components of the wave function. The implications of this to the specific problem we are considering is that once the incident component of the current is chosen the corresponding parallel one is automatically deduced. There are, so far, two unknowns in our analysis, the E and C. These can in principle be deduced from the two boundary conditions Ψ η (η 0 ) = 0 (3.1) and
or
The above constitute a system of two equations with two unknowns for each m, albeit of a transcendental form. The following assumption can be made without loss of physical content. If . Separation constants C n calculated using our exact wave functions and the WKB method with a soft wall condition. ξ 0 → ∞, i.e. assuming an (almost) infinite paraboloid, then the energy E assumes a continuous set of values, instead of a discrete one. Under this assumption, the problem is then to find, for any given E, the possible values of C n , according to equation (3.3) . This approach has also been adopted in [16] . However in [16] , the relation between E and C was obtained by using the WKB solution for the closed box and the Sommerfeld-Bohr condition with a 'soft wall boundary' [11, 16, 18] . We have calculated the possible C n for a given energy E using our exact equation (3.3) on one hand and the WKB approximation to equations (2.6a), (2.6b) with the soft wall boundary condition as employed in [18] on the other. The results are shown in figure 4 .
In this-as in all our calculations-we have assumed a Fermi energy E F = 10 eV, typical of a metal. It can be seen that the WKB values become unreliable as n increases and hence unreliable functions will result. It is not clear to us yet whether this is due to the WKB approximation itself or to the use of the soft wall boundary condition or both. The so-called 'soft wall' boundary condition simply puts π * (n − 1/2) instead of π * n in the right-hand side of the Bohr quantization rule. The WKB approximation suffers also from another defect which is independent of the soft wall condition: it gives real exponentials (instead of exponentials of imaginary argument) which decrease with η and ξ near the apex of the emitter, i.e. it does not give propagating waves in the whole domain of the emitter. This is probably due to the fact that the separated one-dimensional differential equations contain terms that vary rapidly in space. We will not deal with the WKB approximation anymore.
(b) Normally incident current density
Now that we have obtained our wave functions we can proceed to the calculation of the normally incident and parallel electron fluxes. Before we do this we state that the total probability current densities in both the η and ξ directions are zero because we are dealing with a closed quantum box (as is also the case with the closed rectangular box) and the incident and reflected waves must cancel out. We must, therefore, decompose the Ψ η wave function in incident and reflected parts, i.e.
where superscripts + and − stand for incident and reflected waves at the surface, respectively, or more correctly in increasing and decreasing η propagation. This is done by writing Note that the above decomposition into an incident and reflected wave is exact and not a WKB type of approximation. The phase factors S m,n (η) will be calculated so that the above expression, i.e. equation (3.5) , is exact. Therefore,
The normally incident current density j m,n + η is given by
where
is the corresponding scale factor for the paraboloidal coordinates in the η direction. The j + m,n η is easily calculated to be 
, is obtained numerically by choosing an appropriately large ξ 0 . We note that the term (( dS m,n /dη)(η 0 ))/h η (η 0 , ξ ) is the incident normal velocity near the apex at any ξ . The normal velocity decreases with increasing ξ (because the scale factor in the denominator follows a monotonic increase), but the magnitude of the wave function, which appears in the normally incident current density (NICD), increases (giving the behaviour of figure 5, see below) .
In figures 5a-c we show our results for the normally incident current density (NICD) = j + m,n η as a function of the ξ coordinate for various quantum numbers m and C n . It is clearly seen that only the m = 0 and the C n=1 term (just one term) is significant and the others are orders of magnitude smaller than this first term. This can most clearly be seen by a logarithmic plot of these quantities, figure 5b,c. In this respect, the exclusion of the m = 1 eigenstates discussed in the Method section has no significant effect on our results because the corresponding NICD is negligibly small compared to the NICD(m = 0, n = 1). This drastic decrease of NICD with increasing m is easily understood. The curves are calculated at constant total energy so that as m increases, the energy in the lateral ϕ direction increases and hence the energy left in the normal η direction decreases.
We note that the maximum does not occur at ξ = 0 but at a slight angle to the normal. This is a result of the emitter's geometry and has also been seen in [16] , see their equation (2.5) . However in [16] the incident current at ξ = 0 is zero for all C and m whereas in our calculations the (m = 0, n = 1) term gives a contribution which is non-zero at ξ = 0. This difference we attribute to the use of the WKB approximation in conjunction with the 'soft wall' boundary condition in [16] . It is interesting to examine how this NICD changes as a transition to a fairly flat surface is made, i.e. examine what happens as the radius of curvature of the tip R increases. Such calculations will only be meaningful if they are done at constant volume because the normalization constant enters the NICD. In figure 6 , we show the dominant NICD m=0,n=1 (ξ ) for tips of various R, taking care that the corresponding volume of each emitter is the same. We observe orders of magnitude increase in ICD as R increases. This is due entirely to the value of the wave function at the apex and not to the electron velocity at this point. The integrated ICD over the surface of the emitter or total incident current (TIC) is shown in figure 7 . We observe an approach to saturation-as we expected-because at some point we reach the 'flat surface condition'. This seems to occur at about R = η 0 = 25 nm. On the same diagram we have plotted the variation of an applied electric field (at constant voltage) with R. It can be seen that competing effects occur because the latter increases monotonically with decreasing R. Hence an unlimited decrease of R is not necessarily beneficial for field emission and possibly an optimum R exists: as the radius R decreases, the electric field F increases, thereby increasing the transmission coefficient, but the supply of electrons decreases. If the increase in the transmission coefficient is much greater than the drop of the supply there will be no optimum but, on the other hand, if the drop of the supply is fast enough, then there will be one.
(c) Parallel to the barrier velocity
In a completely analogous fashion we obtain for the corresponding ξ components
where 
Again-as with the analysis along the η direction-the quantity dS m,n /dξ (η 0 )/h ξ (η 0 , ξ ) is the tangential velocity along the η o surface. The factor h ξ in the denominator makes this velocity go to zero as ξ tends to zero, i.e. at the apex, figure 8 . When an electric field is applied to the tip and electrons begin to tunnel out, the tangential velocity will be preserved (the electrostatic potential is normal to the surface). Hence the parallel velocity v // of electrons on exit from the emitter apex will be given by the above formula and will be significantly smaller than the value by Gomer [14] usually quoted and used for the upper solid line in figure 1 . Therefore, the lower solid line in this figure constitutes a correct simulation and interpretation of the experiments of the ETH group.
This argument requires further elaboration: both our analysis and that of Gomer [14] use the Sommerfeld model in which a constant potential is assumed inside the emitter. Actual emitters of course are made of atoms, like W, and these have a crystalline potential inside them which in turn supports the Bloch states of the electrons. Each such state gives rise to a perpendicular and a parallel velocity very different from the empty lattice model. So in what way can we claim comparison to experiment with such a simple model? The answer lies in the fact thatwithin effective mass theory-what we have calculated are the envelop functions of the real wave functions which (envelops) are dictated by geometry and quantization effects. In effect, the 'lack of space to move' near the apex area will impose its restriction on what the Bloch states would otherwise give on a large planar surface.
Conclusion
We have obtained the exact eigenstates of a long but nanometric at the tip paraboloidal emitter bounded by an infinite potential. For very small tip radii (R = 1-3 nm) extreme quantization effects in the two ϕ and η directions occur whereas a continuum is obtained in the remaining ξ direction. From the eigenstates we have obtained the normally incident and parallel electron fluxes. In the normally incident flux only one mode contributes whereas the velocity of the parallel flux goes to zero at the apex. The latter result helps explain the beam spot size of the nearfield SEM. Finally, competing effects between the magnitude of the incident beam and the field enhancement factor are found as the apex radius R is decreased from 25 to 1 nm so that an optimum R exists for field emission experiments.
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